Abstract. We show that if X is a nonsingular projective variety of general type over an algebraically closed field k of positive characteristic and X has maximal Albanese dimension and the Albanese map is separable, then |4K X | induces a birational map.
Introduction
Let X be a nonsingular projective variety of general type over an algebraically closed field k, n = dim X and K X be a canonical divisor. Since K X is big, for any sufficiently large positive integer m, the linear series |mK X | induces a birational map. It is an important problem to bound this integer m. For char k = 0, by a result of [HM06] , [Takayama06] , [Tsuji06] and [Tsuji07] , there exists a non-effective bound for m which only depends on the dimension n. When X has maximal Albanese dimension, [CH02] and [JLT11] show the optimal result that |3K X | is birational. Furthermore, [CH02] shows that if the Albanese dimension is n − 1, then |6K X | is birational, and if the Albanese dimension is n − 2, then |7K X | is birational.
In this paper, we will generalize these results to positive characteristic.
Theorem 1.1. (See Theorem 5.6) Let X be a smooth projective variety of general type over an algebraically closed field k of characteristic p > 0. If X has maximal Albanese dimension and the Albanese map is separable, then |4K X | induces a birational map.
Asymptotic Test Ideals
Suppose that X is a smooth n-dimensional variety over an algebraically closed field k of characteristic p > 0. Let ω X denote the canonical line bundle on X. We denote F : X → X the absolute Frobenius morphism, that is given by the identity on the topological space, and by taking the p-th power on regular functions. Let Tr : F * ω X → ω X be the trace map and Tr e : F e * ω X → ω X be the e-th iteration of the trace map.
We follow the definitions given in [Mustaţȃ11] . For other equivalent definitions, see [BMS08] and [Schwede11] . Given a nonzero ideal a in O X , the image Tr e (a ·ω X ) can be written as a all e large enough. Test ideals have many similar properties to multiplier ideals. If a ⊆ b, then τ (a λ ) ⊆ τ (b λ ) for all λ 0. If m is a positive integer, then τ (a mλ ) = τ ((a m ) λ ). One can also define an asymptotic version of test ideals similar to asymptotic multiplier ideals. Suppose that a • is a graded sequence of ideals on X (a m · a n ⊆ a m+n ) and λ is a positive real number. If m and l are two positive integers such that a m is nonzero, then For linear series, let D be a Cartier divisor on X such that h 0 (X, O X (mD)) = 0 for some positive integer m. We then define τ (λ · D ) = τ (a λ • ) where a m is the base ideal of the linear series |mD|. Then by definition, τ (λ/r · rD ) = τ (λ · D ) for every positive integer r. If D is a Q-divisor such that h 0 (X, O X (mD)) = 0 for some positive integer m satisfying that mD is Cartier, then we put τ (λ · D ) = τ (λ/r · rD ) for some r > 0 such that rD is Cartier.
Fourier-Mukai Transform
We recall some facts about the Fourier-Mukai Transform from [Mukai81] . Let A be an abelian variety of dimension g,Â be the dual abelian variety and P be the normalized Poincaré line bundle on A ×Â. For anyâ ∈Â, we let Pâ = P | A×â . The Fourier-Mukai functor RŜ :
. We will need the following result.
Proposition 3.1. Let F be a non-zero coherent sheaf on A such that H i (A, F ⊗ Pâ) = 0 for allâ ∈Â and all i > 0. If F → k(a) is a surjective morphism for some a ∈ A, then the induced map H 0 (A, F ⊗ Pâ) → k(a) is surjective for generalâ ∈Â.
Proof. See [Hacon11, 2.1].
Remark 3.2. By k(a), we mean the trivial skyscraper sheaf supported on a. If F : A → A is the absolute Frobenius map on A, then F * k(a) is a skyscraper sheaf with fiber isomorphic to k supported on a. But this k is not the trivial vector space over k. Hence, F * k(a) = k(a).
Vanishing Theorems
Suppose f : X → A is a nontrivial morphism where X is a smooth variety of general type over an algebraic closed field k of characteristic p > 0 and A is an abelian variety. Let K X be a canonical divisor. Since K X is big, we have K X ∼ Q H + E where H is an ample Q-divisor and E is an effective Q-divisor. Let ∆ = (1 − ǫ)K X + ǫE, where ǫ ∈ Q and 0 < ǫ < 1. Fix a positive integer l such that l∆ is Cartier. Although ∆ is not necessarily effective, since K X is big and E is effective, we have the Iitaka dimension κ(X, l∆) 0. For any positive integer r,
Let a m be the base ideal of the linear series |ml∆|. By the definition of the asymptotic test ideal, we can fix a positive integer m ′ sufficiently large and divisible 
Tensoring with O X (rK X ), we have a surjection
Let F r,e = a ⌈p e /ml⌉ rm · O X ((rp e + 1)K X ). Then the surjection above is F e * F r,e → F r . Since a rm is the base ideal of |rml∆|, the evaluation gives a surjection
hence a surjection 
hence a surjection F e * F r,e → F r since F e is affine.
Lemma 4.1. Fix r > 0. Then R i f * (F e * F r,e ) = 0 for all i > 0 and all e large enough.
Proof. First, we prove that R i f * F r,e = 0 for all i > 0 and all e large enough. Since V r,e is a vector space over k, we only need to show that
where s = ⌈p e /ml⌉ and 0 t = mls − p e < ml. Noticing that K X − ∆ ∼ Q ǫH which is ample, we may apply Serre vanishing. For each value of t ∈ [0, ml − 1], we have R i f * O X ((1 − rt)K X + rmls(K X − ∆)) = 0 for all s large enough, i.e., all e large enough. Thus R i f * F r,e = 0. Now, since F e is exact and commutes with f , we have
for all i > 0 and all e large enough.
Lemma 4.2. Fix r > 0. There is an integer M > 0 such that H i (A, f * (F e * F r,e ) ⊗ P ) = 0 for all i > 0, e > M and P ∈ P ic 0 (A).
Proof. The proof is similar to that of Lemma 4.1. By Lemma 4.1 and the projection formula, R i f * (F e * F r,e ⊗ f * P ) = 0 for all i > 0 and e large enough. Hence, by a spectral sequence argument, it suffices to prove that H i (X, F e * F r,e ⊗ f * P ) = 0 or equivalently that H i (X, F r,e ⊗ f * P ⊗p e ) = 0. We only need to show that
Assume that s = ⌈p e /ml⌉ and 0 t = mls − p e < ml. Since K X − ∆ ∼ Q ǫH is ample, by Fujita vanishing, for each value of t, there is an M t > 0 such that for all e > M t and all nef line bundles N on X, we have
for all e > M and all nef line bundles N . In particular, we can take N = f * P ⊗p e . The lemma follows.
Main Results
Fix a positive integer m such that τ ( r∆ ) = τ (a 1/ml rm ). Let I be an ideal sheaf in O X . In our applications, I = O X or I = I x , where I x is the maximal ideal of closed point. The composition of the two surjections, F e * F r,e → F r and F r → F r ⊗ O X /I, is still surjective. We define (F e * F r,e ) I to be the kernel of this composition. Then (F e * F r,e ) OX = F e * F r,e . Assuming that the intersection of the co-supports of τ ( r∆ ) and I is empty, ( * ) r since the composition (F e * F r,e ) I → F e * F r,e → F r → F r ⊗ O X /I is 0, it factors through the kernel of F r → F r ⊗ O X /I, which is F r ⊗ I. We have a map (F e * F r,e ) I → F r ⊗ I, and by the 5-lemma, it is surjective. This is summarized in the following commutative diagram.
Remark 5.1. The condition ( * ) r is true if I = O X or I = I x where x is not in the co-support of τ ( r∆ ). And ( * ) r implies ( * ) s if r s, since τ ( r∆ ) ⊆ τ ( s∆ ).
Suppose that x is a point in X such that x is not in the co-support of the ideals τ ( r∆ ) or I. Then the restriction to the point x gives a surjection F r ⊗ I → F r ⊗ k(x) ∼ = k(x). Hence, a surjection (F e * F r,e ) I → F r ⊗ k(x). Let (F e * F r,e ) I,x be the kernel. Thus, we have the following exact sequence 0 → (F e * F r,e ) I,x → (F e * F r,e ) I → F r ⊗ k(x) → 0. Let f : X → A be a nontrivial separable morphism where A is an abelian variety.
Theorem 5.2. Fix e > 0 and r a positive integer. Let I be an ideal sheaf in O X satisfying ( * ) r . Suppose that x is a point in X such that
(1) x is not in the co-support of τ ( r∆ ) or I,
induced by φ r,e,I is surjective for general P ∈ Pic 0 (A). Moreover, x is not a base point of F r ⊗ I ⊗ f * P for general P ∈ Pic 0 (A).
Proof. Pushing forward the exact sequence
Since f is separable, we have that a is reduced, hence f * (F r ⊗k(x)) ∼ = k(a). By assumption, f * (F e * F r,e ) I,x → f * (F e * F r,e ) I is not an isomorphism, which implies that the kernel of k(a) → R 1 f * (F e * F r,e ) I,x is not 0. But the kernel is a sub-sheaf of k(a) who has no non-zero sub-sheaf other than itself. Hence the kernel is k(a) and we have an exact sequence 0 → f * (F e * F r,e ) I,x → f * (F e * F r,e ) I → k(a) → 0. Applying Proposition 3.1 to the surjection f * (F e * F r,e ) I → k(a), we have the surjection H 0 (f * (F e * F r,e ) I ⊗ P ) → k(a) for general P ∈ Pic 0 (A). Hence, the theorem follows. For the moreover part, noticing that the surjection factors through
The following corollary is useful in the case of maximal Albanese dimension.
Corollary 5.3. Suppose f is finite over an open subset U in A. Fix e > 0 and r a positive integer. Let I be an ideal sheaf in O X satisfying ( * ) r . Suppose that x is a point in X such that
Then the conclusion of Theorem 5.2 still holds.
Proof. By Theorem 5.2, we only need to show that f * (F e * F r,e ) I,x = f * (F e * F r,e ) I . Recall that we have an exact sequence
If f * (F e * F r,e ) I,x = f * (F e * F r,e ) I , we have that the map f * (F r ⊗k(x)) → R 1 f * (F e * F r,e ) I,x is nonzero. So the stalk of R 1 f * (F e * F r,e ) I,x at a is nonzero. But as f is finite over a, the higher direct images are 0 at a, a contradiction.
Remark 5.4. It is easy to see that the proof of Theorem 5.2 and Corollary 5.3 not only works for the surjection (F e * F r,e ) I → F r ⊗ k(x), but any surjection to the trivial skyscraper sheaf satisfying the vanishing condition (3). We will use this variant version repeatedly in the proof of Theorem 5.6. Theorem 5.2 also gives information on the base locus of O X (2K X ) ⊗ f * P for general P ∈ Pic 0 (A).
Corollary 5.5. Fix e > M as in Lemma 4.2. Suppose that x is a point in X such that
Proof. The first part of the corollary follows directly from Theorem 5.2 and Lemma 4.2. The second part follows from the facts that
We are ready to prove the main result.
Theorem 5.6. Let X be a smooth projective variety of general type over an algebraic closed field k of characteristic p > 0. If X has maximal Albanese dimension and the Albanese map is separable, then |4K X | induces a birational map.
Proof. Suppose A is the Albanese variety and f : X → A is the Albanese map. Since f is generically finite, there is an open subset U of A such that f is finite over U . And since f is separable, we can fix a canonical divisor K X = f * K A +R f = R f 0. As usual, we let F r = O X ((r + 1)K X ) ⊗ τ ( r∆ ) and a m = bs(|ml∆|). We fix a positive integer m such that τ ( r∆ ) = τ (a 1/ml rm ) for r = 1, 2, 3 and define F r,e = a ⌈p e /ml⌉ rm · O X ((rp e + 1)K X ),
where V r,e = Sym
1,e ) ⊗ P ) = 0 for all i > 0 and P ∈ Pic 0 (A). The claim follows immediately from the proofs of Lemma 4.1 and 4.2.
We fix an integer e ≫ 0 such that H i (A, f * G ⊗ P ) = 0 holds for all i > 0 and all G ∈ {F 1,e , F 2,e , F 3,e , F − 1,e }. By a general point a ∈ A, we mean a point a ∈ U . By a general point x ∈ X, we mean a point x ∈ f −1 (U ) such that x is not in the co-supports of a ⌈p e /ml⌉ m or τ ( 3∆ ) (hence, not in the co-supports of τ ( 2∆ ) or τ ( ∆ ) by Remark 5.1) and that x is not in the support of K X = R f . (It is not hard to see that x is not in the co-support of a m is equivalent to that x is not in the co-support of a ⌈p e /ml⌉ m and implies that x is not in the co-support of τ ( 3∆ ).) Our strategy is: First, by Theorem 5.2, we have that x is not a base point of F 1 ⊗f * P for general P ∈ Pic 0 (A). Then, by comparing F 1 and F 2 via F − 1,e , we show that x is not a base point of F 2 ⊗ f * P for all P ∈ Pic 0 (A). Using this fact, we show that F 2 ⊗ f * P separates points for general P ∈ Pic 0 (A). Finally, by comparing F 2 and F 3 via F − 1,e , we have that F 3 ⊗ f * P separates points for all P ∈ Pic 0 (A). Hence, so does F 3 . Following the same idea, we show that F 3 separates tangent vectors.
Step 1. By Lemma 4.2 and Corollary 5.3 with r = 1 and I = O X , we have that for general x ∈ X, the homomorphism
is surjective for general P ∈ Pic 0 (A).
Step 2. We show that for general x ∈ X, the homomorphism
is surjective for all Q ∈ Pic 0 (A). Let us give a quick explanation of the idea in this step first. We can pick P ∈ Pic 0 (A) such that both P and Q⊗P ∨ are general. We have already shown that there is a global section of F e * F 1,e ⊗ f * P which induces a global section of F 1 ⊗ f * P not vanishing at x. Notice that the difference between F 1 ⊗f * P and F 2 ⊗f * Q near a general point x is O X (K X )⊗f * (Q⊗P ∨ ). If we can find a global section of O X (K X ) not vanishing at x, we can obtain a global section of F 2 ⊗ f * Q not vanishing at x. This can be done as K X is effective. But, unfortunately, O X (K X ) does not behave well globally with the Frobenius, F r,e and F r,e . We have to introduce F 1,e − and F − 1,e as the bridge from F 1,e to F 2,e and F 1,e to F 2,e , respectively. The induced map F e * F 1,e → F e * F 2,e is commutative with F 1 → O X (K X ) ⊗ F 1 ∼ = F 2 near a general point x by the projection formula. Hence, we view F e * F − 1,e as giving a homomorphism F 1 ⊗ k(x) → F 2 ⊗ k(x). We only need to show that there is a global section of F e * F − 1,e inducing a non-zero homomorphism F 1 ⊗k(x) → F 2 ⊗k(x). Here is the detailed proof.
Since a ⌈p e /ml⌉ m is an ideal, we have an inclusion F 1,e − → O X (p e K X ). Tensoring with the vector bundle F 1,e , we have an inclusion
whose cokernel is supported on the co-support of a ⌈p e /ml⌉ m . Pushing forward by the Frobenius, we get another inclusion
whose cokernel is still supported on the co-support of a ⌈p e /ml⌉ m . Hence, the induced morphism
is an isomorphism providing that x is general. Since a 2 m ⊆ a 2m , we have a morphism F 1,e − ⊗ F 1,e → F 2,e . Combining with the morphism F 1,e → F 1,e , we have that
On the other hand, since τ ( ∆ ) and τ ( 2∆ ) are ideals, the induced inclusions
are both isomorphisms providing that x is general. Hence, there is a morphism
Combining the discussion above and the trace maps F e * F r,e → F e * F r,e → F r , we have the following commutative diagram:
The surjectivities of the first, second and last vertical maps are induced by the surjectivity of F e * F r,e → F r . The third map is the same as the second map. Noticing that F 1,e is a vector bundle, we have that the morphism F 1,e − ⊗ F 1,e → F 2,e is equivalent to a morphism F 1,e − → Hom OX (F 1,e , F 2,e ). We have
which, by construction, is how F e * F 1,e − induces the top row of the commutative diagram above. This induces a morphism between F 1 ⊗k(x) and F 2 ⊗k(x). Indeed, for any a ∈ F 1 ⊗ k(x), we have some b ∈ F e * F 1,e ⊗ k(x) (maybe not unique) mapped to a by the first vertical arrow in the commutative diagram. Applying the top row induced by F e * F 1,e − and then the last vertical arrow on b, we get some c ∈ F 2 ⊗k(x) which is independent of the choice of b since the diagram commutes. Hence, we have a morphism
Remark 5.7. We should point out that, on any affine open set V in X, the map that we constructed above between F e * F 1,e and F e * F 2,e is not
e * F 2,e , where the second map is the natural morphism of pushing forward a tensor product. The map that we constructed is
where the first map is by pushing forward F 1,e → F 1,e − ⊗ F 1,e .
Assuming that x is not in the support of the effective divisor K X that we fixed as the ramification divisor before, since the bottom row of the commutative diagram are all isomorphisms in this case, the morphism above F e * F 1,e − → k(x) is nonzero, and hence surjective. Combining with the surjection F − 1,e → F 1,e − , we have the following surjection:
For any Q ∈ Pic 0 (A), we can pick P ∈ Pic 0 (A) such that P and Q ⊗ P ∨ are both general. Applying Corollary 5.3 and Remark 5.4 to the surjection F
Combining with the fact from Step 1, that
) is surjective, we have a surjection
Notice that there is a natural commutative diagram
By construction, F e * F − 1,e ⊗ F e * F 1,e → F 2 factors through F e * F 2,e . Therefore, we have that the homomorphism
is surjective for all Q ∈ Pic 0 (A).
Step 3. We show that for general x 1 , x 2 ∈ X and general P ∈ Pic 0 (A), we can find a section in F e * F 2,e ⊗ f * P which induces a section in F 2 ⊗ f * P vanishing at x 1 but not at x 2 .
We only need to show that the map
is surjective. Noticing that x 1 is not in the co-support of τ ( 2∆ ), we have that I x1 satisfies ( * ) 2 . Applying Corollary 5.3 with r = 2 and I = I x1 , it suffices to check H i (A, f * (F e * F 2,e ) Ix 1 ⊗ P ) = 0 for all i > 0 and all P ∈ Pic 0 (A).
First we show that R i f * (F e * F 2,e ) Ix 1 = 0 for i > 0. Pushing forward the exact sequence
for all i 2, where a 1 = f (x 1 ) and the vanishings follow from Lemma 4.1. As in the proof of Theorem 5.2 (notice that (F e * F 2,e ) Ix 1 = (F e * F 2,e ) OX ,x1 ), one sees that f * (F e * F 2,e ) → k(a 1 ) is surjective, so R 1 f * (F e * F 2,e ) Ix 1 = 0. Now, by a spectral sequence argument, we only need to show that H i (X, (F e * F 2,e ) Ix 1 ⊗ f * P ) = 0 for all i > 0 and all P ∈ Pic 0 (A). We have the short exact sequence
By taking the cohomology, we have
for all i 2 where the vanishings follow from Lemma 4.2. Since by Step 2,
Step 4. We show that for general x 1 , x 2 ∈ X and all Q ∈ Pic 0 (A), we can find a section in F e * F 3,e ⊗ f * Q which induces a section in F 3 ⊗ f * Q vanishing at x 1 but not at x 2 .
For any general points x 1 and x 2 and any Q ∈ Pic 0 (A), we may pick P ∈ Pic 0 (A) such that P and Q ⊗ P ∨ are both general. Similar to Step 2, for i = 1 or 2, we have the following commutative diagram:
We have that
We may apply Corollary 5.3 and Remark 5.4 and get that
is surjective. By
Step 3, we have a section s ∈ H 0 (X, F e * F 2,e ⊗ f * P ) restricting to 0 in F 2 ⊗ f * P ⊗ k(x 1 ) and to nonzero in F 2 ⊗ f * P ⊗ k(x 2 ). By the discussion above, we have a section
and to nonzero in
Step 5. By
Step 4, for all Q ∈ Pic 0 (A), we have a surjection
where k(x 1 , x 2 ) is the skyscraper sheaf supported on {x 1 , x 2 }. Since this surjection factors through H 0 (X, F 3 ⊗ f * Q), we have that F 3 ⊗ f * Q separates general points for all Q ∈ Pic 0 (A).
Step 6. We show that for general x ∈ X, any irreducible length two zero dimensional scheme z with support x and general P ∈ Pic 0 (A), we can find a section in (F e * F 2,e ) Ix ⊗ f * P which induces a section in F 2 ⊗ f * P ⊗ I x not vanishing at z.
Let r ∈ {2, 3} and I z be the ideal sheaf of z in X. Since x is not in the co-support of τ ( r∆ ), the natural map F r ⊗I x → F r ⊗I x /I z is surjective with kernel F r ⊗I z . Recall that we have a surjection (F e * F r,e ) Ix → F r ⊗ I x . Hence the composition (F e * F r,e ) Ix → F r ⊗ I x → F r ⊗ I x /I z is surjective. We define (F e * F r,e ) Ix,z as the kernel of the composition above. Since the composition (F e * F r,e ) Ix,z → (F e * F r,e ) Ix → F r ⊗ I x → F r ⊗ I x /I z is 0, it factors through F r ⊗ I z . By the 5-lemma, the induced map (F e * F r,e ) Ix,z → F r ⊗ I z is surjective. This is summarized in the following commutative diagram.
To show the claim at the beginning of this step, we only need to show that the map
is surjective. Suppose a = f (x) and t = f (z). Since f is separable and x is not in the co-support of τ ( 2∆ ), we have that f * (F 2 ⊗ I x /I z ) ∼ = k(a) which is the trivial skyscraper sheaf at a. Noticing that I x satisfies ( * ) 2 , it is not hard to see that the proof of Theorem 5.2 and Corollary 5.3 still works for r = 2, I = I x and the surjection (F e * F 2,e ) Ix → F 2 ⊗ I x /I z ∼ = k(x). The required vanishing H i (A, f * (F e * F 2,e ) Ix ⊗ P ) = 0 for all i > 0 and all P ∈ Pic 0 (A) is shown in Step 3.
Step 7. We show that for general x ∈ X, any irreducible length two zero dimensional scheme z with support x and all Q ∈ Pic 0 (A), we can find a section in (F e * F 3,e ) Ix ⊗ f * Q which induces a section in F 3 ⊗ f * P ⊗ I x not vanishing at z.
Let the kernel of the composition F e * F 3,e → F 3 → F 3 ⊗ k(x) be (F e * F 3,e ) Ix . As in Step 2 and Step 4, near a general point x, F e * F 1,e − induces homomorphisms from F e * F 2,e to F e * F 3,e which is commutative with the homomorphisms from F 2 to F 3 induced by O X (K X ). Hence F e * F 1,e − induces homomorphisms between the kernels of F e * F r,e → F r ⊗ k(x), i.e, from (F e * F 2,e ) Ix to (F e * F 3,e ) Ix . As the homomorphism induced by F e * F 1,e − and O X (K X ) is commutative, we have the following commutative diagram near a general point x.
(F e * F 2,e ) Ix / /
(F e * F 3,e ) Ix F 2 ⊗ I x /I z / / O X (K X ) ⊗ F 2 ⊗ I x /I z ≃ / / F 3 ⊗ I x /I z For any Q ∈ Pic 0 (A), we may pick P ∈ Pic 0 (A) such that P and Q ⊗ P ∨ are both general. Similar to Step 2 and Step 4, we have that is surjective. By
Step 6, we have a section s ∈ H 0 (X, F e * F 2,e ⊗ f * P ) restricting to 0 in F 2 ⊗ f * P ⊗ O X /I x and whose image in F 2 ⊗ f * P ⊗ I x /I z does not vanish. By the discussion above, we have a section s − ∈ H 0 (X, F e * F − 1,e ⊗ f * (Q ⊗ P ∨ )) inducing a nonzero homomorphism between F 2 ⊗ f * P ⊗ I x /I z and F 3 ⊗ f * Q ⊗ I x /I z . Hence, s − ⊗ s gives a section in H 0 (X, F e * F 3,e ⊗ f * Q) restricting to 0 in F 3 ⊗ f * Q ⊗ O X /I x and whose image in F 3 ⊗ f * Q ⊗ I x /I z does not vanish.
Step 8. By
Step 7, for all Q ∈ Pic 0 (A), we have a surjection H 0 (X, (F e * F 3,e ) Ix ⊗ f * Q) → H 0 (X, F 3 ⊗ f * Q ⊗ I x /I z ).
Since this surjection factors through H 0 (X, F 3 ⊗ f * Q ⊗ I x ), we have that F 3 ⊗ f * Q separates tangent vectors at general points for all Q ∈ Pic 0 (A).
Since F 3 = O X (4K X ) ⊗ τ ( 3∆ ) and τ ( 3∆ ) is an ideal, we can conclude that |4K X | induces a birational map.
